Abstract. We show the global existence theorem for the two-dimensional Boussinesq equations in the entire plane with non-decaying initial data. To this end, we give an estimate of the vorticity in the uniformly local Lebesgue space.
Introduction
In this paper, we consider the heat convection in a viscous incompressible fluid described by the Boussinesq equations: ðBÞ q t u À Du þ u Á 'u þ 'p ¼ gy in t > 0 and x A R n ;
q t y À Dy þ u Á 'y ¼ 0 i n t > 0 and x A R n ; div u ¼ 0 i n t > 0 and x A R n ; uj t¼0 ¼ u 0 ; yj t¼0 ¼ y 0 in x A R n ;
> > > < > > > :
where u ¼ ðu 1 ðx; tÞ; u 2 ðx; tÞ; . . . ; u n ðx; tÞÞ, y ¼ yðx; tÞ and p ¼ pðx; tÞ denote the velocity vector, the temperature and the pressure, respectively, of the fluid at the point ðx; tÞ A R n Â ð0; yÞ. Here u 0 and y 0 are given initial data, and g is a given constant vector that denotes the acceleration of gravity.
Heat convection has been investigated in various domains [3, 7, 6, 21, 22, 23, 24, 8, 9, 15, 16] . However, in these studies, the q-th integrability condition was imposed on the initial data u 0 ; y 0 A L q for some q < y. This condition implies that u 0 ðxÞ and y 0 ðxÞ decay at infinity in some sense, if the domain is the entire space R n or an exterior domain.
On the other hand, Giga, Inui and Matsui [11] , Cannon and Knightly [4] and Cannone [5] showed the local existence of solutions to the Navier-Stokes equations:
ðN-SÞ q t u À Du þ u Á 'u þ 'p ¼ 0 in t > 0 and x A R n ; div u ¼ 0 i n t > 0 and x A R n ;
with non-decaying initial data u 0 A L y . The solution of the integral equation is referred to as a mild solution. Cannone [5] proved the existence of mild solutions to (N-S) for more general initial data in Besov-type spaces. Giga, Inui and Matsui [11] showed that the mild solutions in L y actually satisfy (N-S) in strong sense. Moreover, they proved the uniqueness of solutions to (N-S) under certain conditions. See also J. Kato [17] . In addition, Koch and Tataru [18] recently showed the existence of mild solutions to (N-S) in BMO À1 . See also [25] and [19] .
Concerning time-global solvability in two dimensions, Giga, Matsui and Sawada [13] proved the global existence of solutions to (N-S) with non-decaying initial data u 0 A L y ðR 2 Þ. Moreover, they established the double exponential estimate:
kuðtÞk L y a C 0 expfC 0 expðC 0 tÞg ð1:1Þ for all t > 0, where the constant C 0 depends only on ku 0 k L y .
Sawada and the present author [26] proved the unique local existence theorem for the Boussinesq equations with non-decaying initial data. More precisely, if 
Whereas the local existence theorem did not need any decay conditions on the initial data, the global existence theorem assumed the decay condition on the initial temperature y 0 A L q (q < y) in [26] . The purpose of the present paper is to remove this decay condition on y 0 . That is, we show the global existence of the solution to the 2-D Boussinesq equations with non-decaying initial data
The remainder of the paper is organized as follows. In Section 2, we introduce the homogeneous Besov space. In Section 3, we describe the main results and a number of lemmas presented in this paper. In Sections 4 and 5, we present the proofs of the primary results.
Function spaces
Throughout this paper, we denote positive constants by C, the value of which may di¤er from occasion to occasion. The indices of the constant CðÁ; Á; . . . ; ÁÞ indicate the dependence of the parameters denoted in the brackets.
Before presenting our results, we first recall the definition of the homogeneous Besov space (cf. [2] ). Let j j be the Littlewood-Paley decomposition satisfyinĝ j j j ðxÞ ¼ĵ j 0 ð2
Àj xÞ A C y 0 ðR n Þ, suppĵ j 0 H f1=2 < jxj < 2g and P y j¼Àyĵ j j ðxÞ ¼ 1 except x ¼ 0. Here, Ff ¼f f denotes the Fourier transform, and F À1 is its inverse. Let S 0 ðR n Þ be the space of all tempered distributions.
for s A R, 1 a p; q a y, where
( Here, k Á k p denotes the norm of the usual Lebesgue space L p on R n and Z 0 is the topological dual space of Z, which is the space of
It should be noted that _ B B s p; q is a Banach space. However, there is some di‰culty with respect to _ B B s p; q and Z 0 . Let P denote the set of all polynomials.
and The advantage of homogeneous Besov spaces is that the Riesz transforms are bounded in these spaces, but not in L y . We first define the Riesz transform R k for an integer k 1 a k a n in _ B B s p; q when the exponents satisfy (2.1) as follows:
Here, R k in the right-hand side of (2.3) is the usual Riesz transform with symbol ffiffiffiffiffiffi ffi À1 p x k =jxj (i.e. R k ¼ q k ðÀDÞ À1=2 ), and we note thatj j j ¼ j jÀ1 þ j j þ j jþ1 for all integers j. For any integer j, there exists a positive constant C 0 (independent of k and j) such that kR k j j k 1 a C 0 . Therefore, the Riesz transform is bounded in the homogeneous Besov space as a subspace of S 0 when the exponents satisfy (2.1).
Finally, we present some definitions. Let Bðx; rÞ denote a ball centered at x having radius r, and let
Main result
In this section, we state the main theorem and fundamental lemmas. We first introduce the local existence of solutions to the n-dimensional Boussinesq equations (n b 2). 
where C depends on n only. Remarks 1. (i) The solution ðu; yÞ given in Lemma 3.1 satisfies the integral equations:
ðI:E:BÞ 1 uðtÞ
ðI:E:
(ii) _ B B 
Next, we present our main theorem.
with div u 0 ¼ 0. Then there exists a unique global solution ðu; y; 'pÞ to (B) such that (3.1)-(3.7) hold for T ¼ y.
Às y; y ðR 2 Þ ð0 < s < 1Þ, we can also show the global existence theorem. See Remark 1 (iii).
Next, we present several lemmas for the proof of Theorem 1. In two dimensions, applying rotation to the first equation of (B), we obtain the rotation equation:
where o ¼ rot u is a scalar function. If y 1 0, then the maximum principle yields koðtÞk y a koð0Þk y : ð3:9Þ
In [13] , this estimate plays an important role in proving the global solvability of the 2-D Navier-Stokes equations. For the case in which y 0 0 0 and
which was utilized in [26] as a substitute for (3.9), holds. However, these estimates are not applicable to the Boussinesq equations with the initial temperature y 0 A _ B B 
Then there holds for all t A ½0; T and all q b 2
where C is an absolute constant.
Proposition 3.1. For all f A L y , the following holds:
a Ck f k y for s > 0. Combining this inequality with the scaling argument yields (3.12). 
where C is independent of f .
The proof of Proposition 3.2 is simple and so is omitted here.
Proposition 3.3. Let 1 a q a y, j ¼ 0;G1;G2; . . . , f A S and let f A L q ul ðR 2 Þ. Then the following holds:
ð3:14Þ
where C is independent of q, j and f . Here f j ðÁÞ ¼ 2 2j fð2 j ÁÞ.
Proposition 3.2 yields
a Cj j j f j j j q; 1 for j a À1:
Hence we obtain (3.14).
Proposition 3.4 (Gronwall's inequality). Let A 1 , A 2 and A 3 be nonnegative functions on ð0; TÞ with Ð T 0 A j ðtÞdt < y for j ¼ 1; 2; 3, and let A 0 , g 1 , g 2 be positive constants with 0 < g 2 < g 1 < 1. Assume that z A Cð½0; TÞÞ and 0 a zðtÞ a A 0 þ
This proposition can be proved by the standard argument. Let uðtÞ
Then there holds du=dt a
uÞdt ð0 a t a s 0 < TÞ: a kr x; l f k q k jr x; l vj qÀ1 k q=ðqÀ1Þ þ jðgðq j r x; l Þ; jr x; l vj qÀ2 r x; l vÞ þ jðgr x; l ; ðq À 1Þjr x; l vj qÀ2 q j ðr x; l vÞÞj
jvj jr x; l vj qÀ1 dy
In addition, I 1 a kr x; l f k q kr x; l vk qÀ1 q a k f k q; Bðx; 2lÞ kvk qÀ1 q; Bðx; 2lÞ a j j j f j j j q; 2l j j jvj j j a j j j f j j j q; 2l j j jvj j j 
Taking the supremum of the above inequality over x A R 2 , we observe that j j jvðtÞj j j 
Then we have
By Proposition 3.2 (ii) we have j j jvðtÞj j j q; 1 a j j jvðtÞj j j q; l ð4:28Þ
for all t A ð0; TÞ and all l b 1. Now, let
which is the desired estimate (3.11), holds.
Proof of Theorem 1
In this section, we shall present the proof of Theorem 1. We show that the time-local solution given in Lemma 3.1 can be extended to a global solution. Based on (3.1) and (3.2), we assume that u 0 A W 2; y , y 0 A _ B B Now, we shall show (5.4) using Lemma 3.2, (I.E.B) 1 and a method similar to that described in [28] . (See also Serfati [27] , Vishik [31] and [26] .) Here, we recall the Littlewood-Paley decomposition:
Since ðu; yÞ satisfies (I.B.E) 1 and (I.B.E) 2 , we have for all 0 a s a t < T 
which is used to estimate J 2 ¼ P y j¼N kj j Ã uðtÞk y yields
Let q b 4. Then, by the above inequality and Proposition 3.3, we have
where C is independent of qðb 4Þ and N.
Let s a t < minfT; s þ 1g, (i.e. t À s < 1). Then we have
and hence
1=2 ðt À sÞ 1=2 jgj ky 0 k y Þ for all q b 4 and s a t < minfT; s þ 1g. Combining the estimates (5.6) and (5.10) with (5.5), we obtain for q b 4, N ¼ 0;G1;G2; . . . , s a t < minfT; s þ 1g Then, (5.13) yields
Here, 
Therefore, we observe that for all large k. Hence, we see that if T < y, there exists some s 0 A ½0; TÞ such that t 0 ðs 0 Þ ¼ T À s 0 :
Together with (5.14), this yields sup s 0 at<T hðtÞ a 2C 0 hðs 0 Þ, which implies the desired estimate (5.4) and proves Theorem 1. 
